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We investigate properties of the probability distribution of the net quark number near the chiral
crossover transition in the quark-meson model. The calculations are performed within the functional
renormalization group approach, as well as in the mean-field approximation. We find, that there is
a substantial influence of the underlying chiral phase transition on the properties of the probability
distribution. In particular, for a physical pion mass, the distribution which includes the effect of
mesonic fluctuations, differs considerably from both, the mean-field and Skellam distributions. The
latter is considered as a reference for a non-critical behavior. A characteristic feature of the net
quark number probability distribution is that, in the vicinity of the chiral crossover transition in
the O(4) universality class, it is narrower than the corresponding mean-field and Skellam function.
We study the volume dependence of the probability distribution, as well as the resulting cumulants,
and discuss their approximate scaling properties.
PACS numbers: 25.75.Nq, 25.75.Gz, 24.60.-k, 12.39.Fe
I. INTRODUCTION
The structure of the QCD phase diagram is one of
the fundamental problems addressed in both theoretical
and experimental studies [1, 2]. At finite chemical po-
tential, the existence of a critical point (CP) has been
conjectured, based on effective chiral models [3] and pre-
liminary lattice QCD results [4]. The fluctuations of con-
served charges, have been proposed as a signature for the
conjectured CP [5–10]. However, in this paper we focus
on the QCD phase transition at small net baryon densi-
ties.
It was conjectured by Pisarski and Wilczek [11] that
for massless light quarks, the QCD phase transition is
of the second order, belonging to the O(4) universality
class. Current lattice QCD simulations at physical quark
masses show, that at vanishing baryon density the transi-
tion from a hadron gas to quark matter is of the crossover
type [12]. This implies that the corresponding singularity
in the thermodynamic observables is shifted to complex
values of the baryon chemical potential [13] and the ex-
perimental signatures of the phase transition could be
washed out.
The conjecture of Pisarski and Wilczek is supported
by recent lattice QCD studies [14, 15], which show that
for physical values of the light quark masses, the mag-
netic equation of state of QCD is consistent with the O(4)
scaling. This result has opened new opportunities to ver-
ify the QCD phase boundary experimentally by measur-
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ing fluctuations of conserved charges [5, 16–20]. Indeed,
based on the residual O(4) criticality and the proxim-
ity of the chiral crossover transition to the freeze-out line
in heavy ion collisions, the characteristic modifications of
the fluctuations of conserved charges have been proposed
as a signature for the QCD phase boundary at small net
baryon densities [5, 8, 16, 21–23]. It has been shown,
that at the chiral crossover transition, the higher order
cumulants of the net baryon number and electric charge
can be negative, owing to the O(4) scaling [22, 23].
Such cumulants have recently been explored in heavy
ion collisions by STAR Collaboration [24, 25]. The data
show deviations from the Skellam distribution, which
are qualitatively consistent with theoretical expectations
based on the O(4) chiral critical dynamics. We note,
however, that the role of uncertainties associated with
the event-by-event measurements of fluctuations remain
to be clarified [26–29].
Cumulants of net charges have also been studied in
first principle lattice QCD calculations [19, 20, 30–32],
as well as in effective chiral models [21–23, 33–40]. Their
properties are consistent with general expectations based
on the O(4) scaling free energy.
Fluctuations of conserved charges are directly linked
to the corresponding probability distribution. Thus, the
critical properties of cumulants of conserved charges must
also be reflected in the probability distribution.
Recently, the effects of the chiral phase transition on
the net baryon number probability distribution was ex-
amined within the framework of mean-field theory and
the scaling theory of phase transitions [41]. It was found,
that the critical behavior of the cumulants is a conse-
quence of the change of the corresponding probability
distribution.
In the present work, we extend our previous studies
2to a more realistic model. We consider the two-flavor
quark-meson model which is a low energy effective the-
ory for the chiral properties of QCD. The critical fluctua-
tions, are treated consistently by means of the functional
renormalization group (FRG) [42–44].
In the quark-meson model the coupling of quarks to the
Polyakov loop, which is important for implementation of
the statistical confinement properties, is neglected. How-
ever, within the FRG approach, the O(4) scaling behav-
ior and thermodynamics near the CP are well described
by this model [45–48].
We show that there is a substantial influence of the un-
derlying chiral phase transition on the properties of the
probability distribution. In particular, we find that for a
physical pion mass, the distribution which includes the
effect of mesonic fluctuations, differs considerably from
both, the mean-field and Skellam distributions. The lat-
ter is considered as a reference for a non-critical behav-
ior. A characteristic feature of the net quark number
probability distribution is that in the vicinity of a chiral
crossover transition of the O(4) universality class, it is
narrower than the corresponding mean-field and Skellam
distributions.
This paper is organized as follows: in the next section,
we introduce the quark-meson model and its thermody-
namic properties. In Sec. III, we present results on the
probability distribution and different cumulants of the
net quark number. Section IV is devoted to the conclud-
ing remarks.
II. THE THERMODYNAMIC POTENTIAL IN
THE QUARK-MESON MODEL
We employ the quark-meson model to explore the in-
fluence of the chiral phase transition on the probability
distribution of the net quark-number.
The quark-meson model is an effective realization of
low energy QCD in which the O(4) chiral meson multiplet
φ = (σ, ~π) is coupled to quark fields. The Lagrangian
density is given by
L = q¯[iγµ∂µ − g(σ + iγ5~τ · ~π)]q + 1
2
(∂µσ)
2 +
1
2
(∂µ~π)
2
−U(σ, ~π), (1)
where U(σ) denotes the meson potential,
U(σ, ~π) =
1
2
m2φ2 +
λ
4
φ4 − hσ. (2)
For m2 < 0 and h = 0, the O(4) symmetry of the poten-
tial is spontaneously broken to O(3), resulting in a non-
vanishing value of the vacuum scalar condensate 〈σ〉 and
a non-zero quark mass. The last term, h = fpim
2
pi, breaks
the chiral symmetry explicitly and yields the nonzero
pion mass.
We obtain the thermodynamics of the quark-meson
model by computing the thermodynamic potential within
the FRG approach, as discussed in Ref. [45]. Following
[42], we consider a scale dependent effective action in
the local potential approximation. Thereby, we neglect
the wave function renormalization and the flow of the
Yukawa coupling. Using the so-called optimized cutoff
functions, one obtains the evolution equation for the scale
dependent thermodynamic potential density [45] with the
reduced field variable ρ = (σ2 + ~π2)/2,
∂kΩk(ρ) =
k4
12π2
[
3
Epi
{1 + 2nB(Epi)} + 1
Eσ
{1 + 2nB(Eσ)} − 2νq
Eq
{
1− nF (E+q )− nF (E−q )
}]
, (3)
where nB and nF are the Bose and the Fermi distribution functions, respectively and νq = 2NcNf = 12 is the quark
degeneracy. The single particle energies of pion, sigma meson and quark/antiquark are given by
Epi =
√
k2 + Ω¯′k, Eσ =
√
k2 + Ω¯′k + 2ρΩ¯
′′
k, E
±
q =
√
k2 + 2g2ρ± µ, (4)
where Ω¯′k and Ω¯
′′
k denote the first and the second derivatives of Ω¯k = Ωk+h
√
2ρk, with respect to ρ. The flow equation
(3) is solved by using the Taylor expansion method. Expanding the potential up to the third order in ρ around the
potential minimum ρk,
Ωk(ρ) =
3∑
n=0
an(k)
n!
(ρ− ρk)n, (5)
and using Eq. (3), one finds the flow equations for the
coefficients an(k) and ρk,
dka0,k =
c√
2ρk
dkρk + ∂kΩk,
dkρk = − 1(
c/(2ρk)3/2 + a2,k
)∂kΩ′k, (6)
dka2,k = a3,k dkρk + ∂kΩ
′′
k,
dka3,k = ∂kΩ
′′′
k ,
3where dk = d/dk. The flow equations are solved numeri-
cally starting at the ultraviolet cutoff scale Λ = 1.0 GeV
[45]. We eliminate a1 by means of the scale independent
relation h = a1(k)
√
2ρk.
There are four initial conditions for the flow equations,
which are fixed at the scale k = Λ. Within this scheme,
the initial value of a0 is just a constant shift of ther-
modynamic potential Ω. We note, however, that such
a cutoff at a finite momentum leads to an unphysical
behavior of thermodynamic quantities at high tempera-
tures. This problem can be amended by accounting for
the µ− and T−dependent contribution of the momenta
beyond the cutoff scale [37, 49]. Following Ref. [49], we
include the high-momentum contribution approximately
by using the flow equation for non-interacting massless
quarks and gluons,
∂kΩ
Λ
k (T, µ) =
k3
12π2
{2(N2c − 1)[1 + 2nB(k)]
− νq[1− nF (k+)− nF (k−)]}. (7)
By integrating the flow equation (7) from k = ∞ to
k = Λ, we obtain ΩΛ(T, µ) which is then used as ini-
tial condition a0(Λ) for the solution of the flow equations
(6).
We set a3(Λ) = 0 and fix ρk=Λ and a2(Λ) by requiring
that in vacuum the pion mpi = 135 MeV and the sigma
mσ = 640 MeV masses are reproduced. The strength of
the Yukawa coupling, g = 3.2, is fixed by the constituent
quark mass, Mq(T = µ = 0) = gσk=0(T = µ = 0) = 300
MeV with σk=0(T = µ = 0) = fpi = 93 MeV. The
full thermodynamic potential density of the quark-meson
model Ω(T, µ), which includes thermal and quantum fluc-
tuations of the meson and quark fields, is then obtained
from Ω(T, µ) = limk→0 Ωk, where Ωk is the solution of
the flow equation (3),(6).
By ignoring the mesonic contribution in the flow equa-
tion (3), we obtain the effective potential corresponding
to the mean-field approximation, with a finite cutoff Λ.
The fermionic vacuum fluctuations, which are included
in the mean-field (MF) potential, are necessary to re-
produce the second order phase transition at vanishing
µ in the chiral limit [21, 46]. The vacuum contribution
must be renormalized to remove the artificial cutoff de-
pendence [21]. Then, in the mean-field approximation,
the thermodynamic potential is given by,
ΩMF(〈σ〉;T, µ) = U(〈σ〉, ~π = 0)− νq
16π2
M4q ln
(
Mq
M
)
−νqT
∫
d3p
(2π)3
[
ln(1 + e−(Eq−µ)/T ) + ln(1 + e−(Eq+µ)/T )
]
,
(8)
whereM is an arbitrary renormalization scale parameter,
Mq = g〈σ〉 and the expectation value 〈σ〉 is determined
by the solution of the gap equation ∂ΩMF/∂〈σ〉 = 0.
III. PROBABILITY DISTRIBUTION OF THE
NET QUARK NUMBER
The thermodynamical potentials for the quark-meson
model, derived in the previous section, can be used to
assess the influence of the underlying chiral phase tran-
sition on observables. In the following, we focus on the
probability distribution of the net quark number, P (N)
and the corresponding cumulants cn(T, µ).
A. General properties of P (N)
We consider a thermodynamic system described by the
grand canonical ensemble at temperature T in a subvol-
ume V . We introduce a chemical potential µ which is
used to tune the corresponding average net charge. For
the net quark number N = Nq −Nq¯, the probability dis-
tribution P (N) to find the net charge N in volume V is
given by
P (N ;T, µ, V ) =
Z(T,N, V )
Z(T, µ, V ) e
µN/T , (9)
where Z(T,N, V ) is the canonical and Z(T, µ, V ) the
grand-canonical partition function. The normalization
of the probability distribution,
∑∞
N=−∞ P (N) = 1, fol-
lows from the fugacity expansion of the grand canonical
partition function
Z(T, λ, V ) =
∑
N
λNZ(T,N, V ), (10)
where λ = eµ/T . Consequently, all essential information
on P (N) is contained in the canonical partition function.
Since the fugacity expansion is the Laurent series in the
complex λ plane, with coefficients given by the canonical
partition function, the latter can be obtained by perform-
ing the contour integral,
Z(T,N, V ) =
1
2πi
∮
C
dλ
Z(T, λ, V )
λN+1
. (11)
Thus, to compute the canonical partition function, one
needs to know the analytic structure of Z(T, λ, V ) in the
complex λ plane and to choose an appropriate integration
contour.1 In chiral effective models, the structure of the
singularities associated with the chiral phase transition
has been discussed in Refs. [13, 50]. In the broken phase,
T < Tc(µ), there are no singularities on the unit circle
λ = eiθ in the range 0 ≤ θ < 2π. Consequently, the
canonical partition function is obtained from [51, 52],
Z(T,N, V ) =
1
2π
∫ 2pi
0
dθe−iθNZ(T, θ, V ), (12)
1 In a finite system, the grand partition function Z has Yang-Lee
zeroes at complex values of λ. In the thermodynamic limit, the
zeroes join into cuts.
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FIG. 1: (Color online) Probability distributions of the net quark number just below the pseudocritical temperature Tpc (a)
in the FRG approach and (b) in the mean-field (MF) approximation, compared with the corresponding Skellam distributions.
The dots are the model results for different volumes while the lines show the Skellam distribution.
where θ = µI/T and µI is the imaginary chemical poten-
tial.
The above equation links the grand canonical parti-
tion function in a finite volume V , at imaginary chemi-
cal potential, to the thermodynamics at fixed net charge
N . At imaginary µI , the QCD partition function ex-
hibits Roberge-Weiss periodicity, Z(T, θ + 2π/3, V ) =
Z(T, θ, V ) [53]. The Polyakov loop extended effective
chiral models reproduce the Roberge-Weiss periodicity
[54–56]. In the quark-meson model employed here, the
period of the partition function in imaginary chemical
potential θ is 2π.
In the present work, we follow Ref. [41] and compute
the canonical partition function and the corresponding
probability distribution using Eq. (12). The thermody-
namic potential density Ω = −(T/V ) logZ is obtained
in the quark-meson model within the FRG approach as
well as in the mean-field approximation.
Because of the oscillatory nature of the integrand,
a numerical integration of Eq. (12) becomes unreliable
for large |N |. The numerical quadrature employed here
yields accurate results up to values of |N | correspond-
ing to P (N ;µ = 0) ∼ 10−12, independent of the vol-
ume, temperature and other parameters. As we show,
the achieved precision is sufficient for studying the in-
fluence of chiral criticality on the properties of the net
quark number probability distribution.
B. Net quark number probability distribution near
the chiral phase transition
At vanishing and moderate values of µ, the quark-
meson model in the chiral limit exhibits the second order
phase transition, belonging to the O(4) universality class
[45]. For a physical pion mass, the chiral symmetry is
explicitly broken and the transition is of the crossover
type. Nevertheless, remnants of O(4) criticality remain
in various observables [5]. Thus, also the probability dis-
tribution of the net quark number is expected to exhibit
characteristic features reflecting the critical behavior of
the underlying O(4) transition. We note, that long range
critical correlations can be unfolded only in a sufficiently
large sub-volume V , and close to the pseudocritical tem-
perature, Tpc.
To unravel the influence of chiral transition on the
probability distribution P (N), one needs to establish a
reference distribution, which does not include the effect
of critical fluctuations. At low temperatures, T ≪ Tpc,
the thermodynamic potential is expected to be well de-
scribed as a quasi-ideal quark gas with a dynamically
generated temperature-dependent mass. Consequently,
at fixed T and V , the natural reference for P (N) is the
probability distribution of an ideal gas of particles and
antiparticles, i.e. the Skellam distribution [16]. The Skel-
lam distribution is then determined entirely by the mean
number of quarks b = 〈Nq〉 and antiquarks b¯ = 〈Nq¯〉,
P (N) =
(
b
b¯
)N/2
IN (2
√
bb¯)e−(b+b¯), (13)
where IN (x) is the modified Bessel function of the first
kind. The mean number of quarks b is calculated as for
an ideal gas of constituent quarks with a dynamically
generated mass
b =
νqV
2π2
∫ ∞
0
dkk2nF (Ek;T, µ), (14)
where nF is the Fermi distribution function and Ek =√
k2 +M2q is the energy of a particle with momentum k.
The b¯ is obtained from (14) by replacing µ→ −µ.
In the MF approximationMq = g〈σ〉, while in the FRG
approach, we use the scale dependent mass Mq,k = gσk,
which for k ≤ Λ is obtained from the flow equation (3).
For Λ < k < ∞ the quarks are assumed to be massless
and non-interacting, as discussed above.
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FIG. 2: (Color online) Probability distribution for different temperatures (a) in the FRG approach and (b) in the mean-field
(MF) approximation. The dots are the model results while the lines show the corresponding Skellam distribution (see text).
Figure 1 shows the probability distributions of the
net quark number obtained in the quark-meson model,
within the FRG and in the MF approximation at vanish-
ing chemical potential and near the pseudocritical tem-
perature Tpc. The Tpc corresponds to the peak position
of the chiral susceptibility, which in the FRG and MF
calculations are located at 214 MeV and 190 MeV, re-
spectively.
The probability distributions in Fig. 1 are calculated
for different volumes and at fixed temperature. There
is a clear change of distributions with the volume as a
consequence of a linear dependence of the variance on
V . The probability distribution also changes rapidly as
the temperature is lowered from the pseudocritical point.
As shown in Fig. 2, at a given volume, the distributions
are narrower at smaller temperatures. This is due to
growing mass of quarks, which together with decreasing
temperature, imply decreasing mean number of quarks
and antiquarks, and consequently the width of the dis-
tribution.
The influence of the criticality on the net-quark num-
ber probability distribution, and the differences between
the MF and the FRG dynamics, are particularly trans-
parent when comparing the results with the non-critical
Skellam function.
Figures 1 and 2 show, that near Tpc, both the MF and
the FRG distributions are narrower than their Skellam
counterparts. Such reduction of the width of the proba-
bility distribution compared to the Skellam distribution
was already seen in results obtained previously in the
Landau theory of phase transitions when critical fluc-
tuation is included to give negative higher order cumu-
lants [41]. The deviations from Skellam distribution are
stronger when mesonic fluctuations are included, i.e. in
the FRG approach. Except for the highest temperature,
P (N) in the MF approximation coincides with the Skel-
lam distribution, while in the FRG calulations, the two
distributions differ at all temperatures. The increasing
difference between the FRG and Skellam distributions,
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FIG. 3: (Color online) The probability distribution obtained
within the FRG approach (red, circles), the Skellam distribu-
tion (blue, dashed), and that of a free Fermi gas (green, solid).
All distributions correspond to the same average quark and
antiquark numbers, b and b¯, given by (14).
as the temperature approaches Tpc, reflects the growing
influence of mesonic fluctuaions leading to the O(4) crit-
icality.
C. Quantum statistics effects
The Skellam distribution (13), describes the fluctua-
tions in a gas of non-interacting classical particles with a
conserved charge. i.e., particles and antiparticles obey-
ing the Poisson distribution.
In general, effects of quantum statistics should be in-
cluded if the mass of the particle is smaller than the tem-
perature. The quantum statistics effects were also shown
to modify significantly the probability distribution of the
electric charge and the resulting cumulants [17, 57].
In the FRG approach to the quark-meson model, and
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FIG. 4: (Color online) The ratios of the cumulants cn (n =
2, 4, 6) of the net charge obtained from the Skellam distribu-
tion with the mean multiplicities b = b¯ = 6.0 using Eqs. (17)-
(20) for a given value of Nmax to their corresponding exact
values.
at T/Tpc = 0.98 one finds, that Mq/T ≃ 0.6. Thus,
the Boltzmann approximation is clearly not justified near
Tpc.
In order to disentangle the effects of mesonic fluctua-
tions and quantum statistics, we also consider the prob-
ability distribution P (N), obtained from Eq. (12), for a
free gas of quarks and anti-quarks with the thermody-
namic potential density
ΩFermi(T, θ) = −νqT
2π2
∫ ∞
0
dkk2[ln(1 + e−Ek/T+iθ)
+ ln(1 + e−Ek/T−iθ)], (15)
and the quark energy Ek from Eq. (14).
The effect of Fermi statistics is illustrated in Fig. 3
with the dynamical quark mass obtained in the FRG ap-
proach. The probability distribution of the free Fermi gas
is seen to be narrower than the corresponding Skellam
function, but still broader than the P (N) of the quark-
meson model in the FRG approach. We identify the
residual effect, i.e. the difference between the Fermi gas
and the FRG distributions, as being due to the mesonic
fluctuations implying the O(4) criticality near the chiral
crossover transition.
On the other hand, in the MF approach at T/Tpc =
0.98, the net-quark probability distribution was found
to be slightly broader than the corresponding distribu-
tion obtained for a free Fermi gas. Therefore, in the MF
approach, the apparently narrower distribution than the
Skellam, is due to the quantum statistics effects. Thus,
there is a clear difference in the properties of the net-
quark distributions obtained under MF and the FRG ap-
proach. The mesonic fluctuations result in a shrinking of
the distribution, whereas the MF critical dynamics re-
sults in a broadening of the distribution, relatively to the
non-singular Fermi gas reference, as shown in [41].
D. Cumulants of the net quark number
Fluctuations of the net-quark number are quantified
by the corresponding cumulants cn(T, µ), which in turn
reflect critical fluctuations. Consequently, cumulants can
be used to probe the phase diagram of QCD [5, 8–10, 16,
21–23].
In statistical physics, the cumulants are related to the
corresponding susceptibilities,
cn(T, µ) ≡ ∂
n[p(T, µ)/T 4]
∂(µ/T )n
. (16)
Thus, given the thermodynamic pressure p(T, µ, V ) =
(T/V ) lnZ in the grand-canonical ensemble, the cumu-
lants cn(T, µ) can be obtained by taking derivatives of
the thermodynamic pressure with respect to the chemi-
cal potential.
The cumulants in Eq. (16) can be also obtained from
the probability distribution P (N), through the central
moments, 〈(δN)k〉 = 〈(N − 〈N〉)k〉, where
〈Nk〉 =
Nmax∑
N=−Nmax
NkP (N), (17)
and cn are given then as polynomials in 〈(δN)k〉. At van-
ishing chemical potential, the first three non-vanishing
cumulants read,
c2 =
〈(δN)2〉
V T 3
, (18)
c4 =
〈(δN)4〉 − 3〈(δN)2〉2
V T 3
, (19)
c6 =
[〈(δN)6〉 − 15〈(δN)4〉〈(δN)2〉
−10〈(δN)3〉2 + 30〈(δN)2〉3] /(V T 3). (20)
In principle, Nmax in Eq. (17) is infinite. In practice,
however, Nmax is always finite. Thus, the cumulants ob-
tained from Eqs. (17)-(20) are, in most cases, approxi-
mations to the exact results obtained from Eq. (16).
Figure 4 shows different ratios of cumulants for the
Skellam distribution, calculated for fixed mean number
of quarks and antiquarks, from Eqs. (17)-(20) for dif-
ferent Nmax. Clearly, to reproduce exact results c2n =
(b + b¯)/V T 3, one needs P (N) for a sufficiently large
N = Nmax. This value increases with the order of the
cumulant, and also depends on the volume, temperature
and the chemical potential.
Figure 5 shows different cumulants obtained in the
quark-meson model within the FRG approach from
Eq. (16) and their approximate values computed from
Eqs. (17)-(20) as functions of temperature, for several
values of Nmax. For comparison, the cumulants ob-
tained from the corresponding Skellam distribution are
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FIG. 6: (Color online) Relative difference between cumulants cn (n = 2, 4, 6) calculated in the quark-meson model within the
FRG approach using Eq. (16) and Eqs. (17-20) for two temperatures and for several values of the volume parameters V (see
text).
also shown in this figure. One notes, that c2 and c4 of
the Skellam and FRG distributions differ, while c6 agrees
for temperatures well below Tpc. This behavior can be
linked to the µ–dependence of a dynamical quark mass,
which at T ≪ Tpc saturates as the fourth order polyno-
mial in µ, which is not included in the calculations of cn
from the Skellam function.
The convergence properties of the cumulants with
Nmax in the quark-meson model are similar to those
found for the Skellam distribution. The value of Nmax
needed to obtain a good approximation, grows with the
order of the cumulant. This reflects the fact, that cu-
mulants of higher order are more sensitive to tail of the
distribution. For the parameter set used in Fig. 5, all cu-
mulants up to the sixth order are well reproduced with
Nmax ≃ 90. This also confirms consistency of the calcu-
lation of P (N) within the quark-meson model.
At µ = 0, the second and the fourth order cumulants
are not influenced by the critical chiral dynamics, since
they remain finite, even in the chiral limit. Thus, their
properties are entirely determined by the regular part of
the partition function. The temperature dependence of
c2 and c4, seen in Fig. 5, is essentially that of an ideal
quark gas, with a modified dispersion relation by T – and
µ–dependence of a dynamical quark mass.
In contrast, the temperature dependence of c6, and in
particular its negative values near Tpc, seen in Fig. 5, are
universal. The characteristic shape of c6 is generic for the
O(4) universality class, owing to the form of the scaling
function [5]. The sixth order cumulant obtained from the
non-critical Skellam distribution, exhibits a very different
behavior.
It is interesting to note, that already for moderate val-
ues of Nmax, the O(4) shape of c6 is qualitatively repro-
duced from the probability distribution. This result is of
interest for the event-by-event analysis of heavy-ion col-
lisions, where one expects to see the O(4) criticality by
reconstructing the higher order moments from the mea-
sured net-charge probability distribution [24].
The deviations of the approximate cumulants cAn , ob-
tained from the probability distribution (17)-(20), from
their exact values cEn , given by Eq. (16), depend on the
volume of the system. The relative deviations of cAn from
cEn at fixed T for different V , however, obey the approx-
imate scaling relations. This is transparent from Fig. 6,
showing the relative difference, R = (cEn − cAn )/cEn for
n = 2, 4, 6, as a function of Nmax/
√
V . For n = 2 there is
a clear scaling for all Nmax. For higher order cumulants,
the approximate scaling becomes better for larger values
of Nmax/
√
V .
Since the cumulants of the net quark number are linked
to the corresponding probability distribution through
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FIG. 7: (Color online) Volume scaling of the net quark num-
ber probability distribution at fixed T/Tpc in the quark-meson
model within the MF, the FRG approach and for the corre-
sponding Skellam distribution.
Eqs. (17)-(20), the approximate scaling of the cumu-
lants, seen in Fig. 6, should be also reflected in the net
quark number probability distributions. Indeed, Figure 7
shows, that for fixed T , the
√
V T 3P (N) scales approxi-
mately with N/
√
V T 3. This approximate scaling is valid
for P (N), calculated in the quark-meson model within
the FRG and MF approach, as well as, for the corre-
sponding Skellam distributions. Figure 7 indicates, that
the shape of the distribution reflects the underlying crit-
icality in a system which is governed by the critical ex-
ponents. The probability distribution in the MF case is
broader than in the FRG approach, owing to differences
caused by the mesonic fluctuations. As they smoothen
the transition, the resultant dynamical quark mass is
heavier than the MF case at the same T/Tpc [37], leading
to narrower distribution.
IV. CONCLUDING REMARKS
We have studied the properties of the probability dis-
tribution P (N) of the net quark number in the pres-
ence of the critical chiral dynamics governed by the O(4)
universality class in the quark-meson model. The com-
putations of P (N) have been done within the Func-
tional Renormalization Group (FRG) approach, which
preserves the O(4) scaling of relevant physical observ-
ables.
The main objectives of this paper was to study the
influence of the underlying chiral phase transition on the
net quark probability distribution, for a physical value of
the pion mass.
We have shown, by comparing the FRG and the mean-
field (MF) results, that the shape of the distribution re-
flects the criticality in a system. The FRG distribution
is narrower than the one obtained in the MF approxi-
mation. This is mainly due to differences in the values
of dynamically generated quark mass. Effects of the ex-
pected O(4) criticality appear in the tail of the distribu-
tion and imply characteristic shapes of the higher order
cumulants.
Near the chiral crossover transition, the probability
distribution of the net quark number was also shown
to be narrower than the Skellam function, which cor-
responds to a classical quasiparticle gas and is used as a
reference for the non-critical distribution. The narrowing
of the probability distribution is mainly due to mesonic
fluctuations. However, owing to dropping quark mass
near the chiral transition also quantum statistics play a
role, although a sub-leading one.
The observed shrinking of P (N) relative to the Skel-
lam distribution is also expected in the O(2) universality
class. This is because, the scaling functions in the O(4)
and O(2) universality classes are very similar [14] and
exhibit negative values of the specific heat critical expo-
nents α. However, since α in O(2) is larger than in O(4)
universality class, one expects quantitative differences in
the properties of P (N).
We have found an approximate scaling of the probabil-
ity distribution and of the net charge cumulants with the
volume of the system. This implies, that the observed
properties of P (N) near the chiral transition are volume
independent, and are due to mesonic fluctuations imply-
ing O(4) criticality near the chiral crossover transition.
These results are of importance in heavy ion collisions,
where by measuring the net baryon number probabil-
ity distribution and related moments, one expects to ex-
perimentally probe the QCD phase boundary. The
phenomenological implications of our results will be pre-
sented elsewhere [58].
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